Orbifolds in field theory are potentially singular objects for at their fixed points the curvature becomes infinite, therefore one may wonder whether field theory calculations near orbifold singularities can be trusted. String theory is perfectly well defined on orbifolds and can therefore be taken as a UV completion of field theory on orbifolds. We investigate the properties of field and string theory near orbifold singularities by reviewing the computation of a one loop gauge field tadpole. We find that in string theory the twisted states give contributions that have a spread of a couple of string lengths around the singularity, but otherwise the field theory picture is confirmed. One additional surprise is that in some orbifold models one can identify local tachyons that give contributions near the orbifold fixed point.
Field theory on orbifolds
In recent years there has been an enormous effort to understand the physics of extra dimensions. To study consequences of extra dimensions in all generality is a formidable task, therefore most fruitful investigations have relied on simple ansätze because they tell us what kind of properties we need in the extra dimensions in order to construct realistic models of particle physics.
The simplest choice for the extra dimensions is to have just only one extra dimension that has the topology of a circle of radius R. We parametrize the circle by the periodic coordinate: y ∼ y + 2π R. From an effective four dimensional point of view this five dimensional theory contains an infinite number of fields, since one can perform the following Kaluza-Klein decomposition φ(x, y) = n∈Z φ n (x)e iny/R , and x ∈ R
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of a field φ in five dimensions. But if fermions live in the bulk of the extra dimensions, we face immediately a fundamental problem. Again let us illustrate the point with the a single extra dimension compactified on a circle. Since γ 5 is part of the five dimensional Clifford algebra, fermions in five dimensions cannot be chiral. Therefore the modes φ n (x) in the Kaluza-Klein expansion (1) are Dirac fermions that do not have a definite chirality. But we know that the electroweak interactions do not treat left-and right-hand particles equally. This shows that the simplest compactification on a circle can never lead to a semi-realistic fermion spectrum if the fermions live in the bulk. To overcome this hurtle one needs to do something drastic because the properties of the chiral spectrum in four dimensions are determined by the number of zero of the Dirac operator in the extra dimensions. As the number of zero modes is a topological number, it is impossible to alter it by making some continuous changes of parameters. This is the place where orbifolds may come to our rescue. Before addressing how the number of zero modes change on an orbifold, let us first expose some basic properties of the simplest orbifold S 1 /Z 2 . Consider again the circle, but assume that there is now also a reflection symmetry acting of the space y → −y. The orbifold is depicted in figure 1 . Then for each (bosonic) field one has to make a choice whether it is even or odd under this parity. Only an even field has a zero mode from the four dimensional perspective. For a fermion the situation is slightly more involved: in order for the Z 2 action to be a symmetric of the fermionic kinetic action it has to act as
This implies that the four dimensional left-and right-handed chiral Kaluza-Klein modes have are even and odd, respectively. Moreover only the left-handed KaluzaKlein fermions have a zero mode. This shows that the problem of obtaining chiral spectra from extra dimensions can be evaded by using orbifolds. But clear we have paid a price: The orbifold S 1 /Z 2 is a singular manifold because at the points 0 and πR it is not differentiable. Therefore, one might wonder whether a field theory on an orbifold beyond just being an interesting mathematical construction, is physically well-defined. Field theories in extra dimensions are generically non-renormalizable, this means that they can only be understood as effective theory valid up to a cut-off scale Λ. This means that on distances smaller than the inverse cut-off we cannot trust our field theoretical calculations. We will investigate this issue in detail in the next section where we compute the expectation value of a specific operator on an orbifold in field theory and show that the results are indeed rather singular in a variety of ways. Then we get to the main objective of this paper is to investigate how string theory can regulates the potential problems that field theory has near orbifold singularities. We have chosen to attack this question by considering gauge field tadpoles in both field and string theory.
The gauge field tadpole
In this section we review the results from field theoretical calculations of gauge field tadpoles on orbifolds. This is interesting in its own right as well as becomes clear when we put our work in context.
The local gauge field tadpoles are closely related to the well-known tadpoles for the D-terms 1 in N = 1 supersymmetric gauge theories. Such tadpoles can only arise at one-loop provided that the sum of charges of chiral matter multiplets is non-vanishing 2 . Such Fayet-Iliopoulos D-terms have also been investigated in heterotic 3,4,5 and type I string 6 context. Four dimensional Fayet-Iliopoulos D-terms have a natural generalization to five dimensional supersymmetric gauge theories on orbifolds. As observed in ref. 7 the effective auxiliary field at the boundaries of S 1 /Z 2 also contains a derivative with respect to the fifth dimension of a real scalar field part of the five dimensional gauge multiplet. There have been several calculations showing that such interactions are generated at the one-loop level 8,9,10,11,12 . For bulk states the result is given by a massive quadratically divergent integral times delta-functions at the orbifold singularities. Here the "mass" represents the derivative squared with respect to the fifth dimension acting on these delta-functions. By investigating the required counter-term structure for this real scalar field of the gauge multiplet, it has been argued in refs. 11,12,13 that these tadpoles may lead to strong localization of bulk zero modes. This treatment has not been universally accepted, for alternatives see refs. 14,15 . The existence of Fayet-Iliopoulos tadpoles for both auxiliary and derivative of physical fields is in no way particular to five dimensional models. One-loop computations in higher dimensional field theoretical models have confirmed that these tadpoles are generated locally at orbifold fixed points 16, 17 . As the main objective of this paper is to compare field and string theory calculations on orbifolds with each other, we review here the tadpole computation in field theory approximation of heterotic string models on C 3 /Z 3 18 .
The orbifold C 3 /Z 3 defined as the three dimensional complex plane (z 1 , z 2 , z 3 ) ∈ C 3 on which the diagonal orbifold twist
acts. This orbifold has one singularity at the origin of real codimension six. In figure  2 we have drawn the fundamental domain of the two dimensional analog, C/Z 3 or the orbifold C 3 /Z 3 . The low energy spectrum of the heterotic string theory contains a ten dimensional Yang-Mills theory. In fact there are two heterotic string theories, we focus here on the one where gauge group of the Yang-Mills theory is E 8 × E 8 . The action of the orbifold twist (3) is extended to the gauge bundle by the action
on the gauge field one-form A. The generators H . These gauge shifts determine the full spectrum of the theory. The untwisted chiral matter representation R has a three fold degeneracy. In addition absence of local gauge and mixed gravitational anomalies requires the introduction of four dimensional states at the fixed point. Contrary to field theory these states are completely determined in the twisted sectors of the heterotic string as we explain the next section. The twisted states that come in three equal copies are denoted by T, while others are referred as S. The five possible spectra at the fixed point are given in table 1. Table 1 . The spectra at the fixed point of the five Z 3 orbifold models are displayed.
Only two of these models contain U(1) factors which can be anomalous. The result of the calculation of the gauge field tadpole on the orbifold C 3 /Z 3 can be 
The quantities Q b un , Q b tw , ∆ un and ∆ tw appearing in this expression are given by
The subscripts un and tw refer respectively to the untwisted and twisted sectors.
Notice that the τ 1 integration is redundant, it has been included for the subsequent comparison with the string result. The τ 2 integral arises by using a variant of Schwinger's proper time regularization 20 to rewrite the momentum integral of the scalar propagator
for an arbitrary mass m and a cut-off scale Λ.
String theory on orbifolds
To date we have essentially only a single proposal for an ultra-violet complete theory: String theory. In this work we restrict ourselves to the well-studied heterotic closed string theory. It has been shown that all amplitudes in this theory are finite and therefore well-defined. Therefore one may hope that it is possible to 'lift' field theories of extra dimensions in string theory, which leaves plenty of room for extra dimensions since it target space needs to be ten dimensional for internal consistency. Hence for string theory to make contact with our four dimensional world six dimensions have to be compactified. The issue of chiral fermions in four dimensions reappears and one has to choose a specific space for the compactification that allows for a chiral spectrum. Moreover, all consistent string theories are supersymmetric in ten dimensions, which means that a simple toroidal compactification of six dimensions leads to a theory with at least N = 4 supersymmetry in four dimensions. It has been shown that by compactifying on special manifolds called Calabi-Yau the N = 4 supersymmetry is broken down to N = 1 supersymmetry in four dimensions. These smooth Calabi-Yau manifolds are rather complicated objects, but fortunately many of their crucial properties, like breaking sufficient amounts of supersymmetry, are shared by suitable chosen orbifolds. There are many orbifolds known that have the appropriate properties to be interesting in principle for four dimensional string phenomenology. However, the main focus of this review is not so much on possible phenomenological applications, but on the investigation what happens near an orbifold singularity in both field theory and string theory. Therefore, the requirement that in four dimensions we have a finite Planck mass is not a pressing issue for our investigation. This allows us to perform our investigation on the non-compact orbifold C 3 /Z 3 which has a simpler structure, see figure 2. We have depicted two types of closed string: untwisted and twisted strings in that figure. The latter winds around the orbifold singularity at the top of the cone. These twisted strings are special in that they are localized around the singularity, and for that reason one usually assumes that they can be represented as fields living exactly at the singularity in field theory. Their spectrum is given in table 1.
Contrary to field theories, string theories are perfectly well-defined on orbifolds. The reason for this is simple: In string theory, what we call coordinates z i in field theory, have become fields X i (σ) on the two dimensional string world sheet parameterized by the complex variable σ. For a closed string there is always at least one cyclic direction on this world sheet. The Z 3 orbifolding described geometrically above is implemented by having different boundary conditions when one goes around closed cycles of the string world. For example for a tree diagram in string theory,
there are three different boundary conditions, labeled by p = 0, 1, 2. These boundary conditions define different orbifold sectors: The untwisted sector satisfies the trivial boundary condition with p = 0. The twisted sectors p = 1, 2 have the center of mass at one of the fixed point: X i = 0. Clearly these boundary conditions on the string world sheet for both the untwisted and twisted states are entirely smooth, even though the center of mass of the twisted states is localized at the orbifold singularity. The coordinate fields of closed strings can be left-or right-moving. The heterotic string does not only contain the coordinate fields X M (σ) but also world sheet fermions. The right-moving fermions ψ M (σ) are the world sheet super partners of the right-moving coordinate fields. The left-moving fermions λ I a (σ) are not the super partners of the left-moving coordinate fields. These fermions generate the E 8 ×E 8 gauge symmetry: The index a labels the two E 8 's and I the Cartan elements within E 8 algebra. With these ingredients we can move to the string computation of the gauge field tadpole.
Stringy computation of the gauge field tadpole
We now turn to the calculation of the gauge field tadpole in string theory. As the heterotic theory only contains closed strings, the string diagram takes the form ⇒ By exploiting the conformal symmetry of the string theory, the external leg of the string diagram can be squeezed to a line ending at a vertex operator on the 
world sheet torus Fig. 3 . The first picture gives a torus defined by the complex variable τ . To label inequivalent tori this parameter is restricted to lie in the fundamental domain F , depicted in the second picture.
torus. The vertex operator corresponding to an internal gauge field in the Cartan subalgebra is expressed in terms of the world sheet fields as
Since the vertex operator leads to the evaluation of powers sheet fields at the same point of the string world sheet, this expression is ill-defined unless it is normal ordered, which is indicated by the : . . . : notation. Schematically the evaluation of this vertex operator on the world sheet torus takes the form of the path integral average
This expression requires some further explanation: The one-loop diagram of the closed string is a torus. Conformally inequivalent tori are labeled by a complex modulus τ that lies with the fundamental domain F of the modular group depicted in figure 3 . The shape of this fundamental domain motivated the use of the Schwinger proper time regularization employed in (5). This regularization mimics the string range of integration quite well, only the light (yellow) shaded region are ignored. And finally the sum over "sectors" all possible orbifold boundary conditions. As the one-loop string diagram is a torus, which as two non-contractible cycles, there are in total nine different boundary conditions:
labeled by p, p ′ = 0, 1, 2. In table 2 we have given a classification of these boundary conditions. Notice that this is finer than the standard classification of ten dimensional, four dimensional untwisted and twisted states. The reason for this will become apparent below. 
In refs. 19 a detailed account is given of the computation of the tadpole (10) using the fact that the world sheet theories for X M , ψ M and λ I a are free for orbifolds. The resulting shape can be cast in the form of Gaussian distributions The only difference between the expressions quoted these references is that here we have also included a Gaussian involving the four dimensional momenta k µ with a width set by ∆(τ ).
The functions ∆(τ ) and ∆
(τ ) arise because of the normal ordering in the definition of the vertex operator (9) to avoid singular products of coordinate fields X M . More precisely, the propagator for the untwisted world sheet bosons X µ (σ) reads
while the twisted propagators∆ X p/3 p ′ /3
(σ|τ ) can be expressed as sum of untwisted ones∆
Both the untwisted and twisted propagators develop a ln |σ| 2 singularity in the zero separation limit. The conformal normal ordered propagators ∆ and ∆ s are obtained by dropping this singular term: with s = (p, p ′ ) = 0. Herec denotes an arbitrary normal ordering constant which is left undetermined when subtracting the ln |σ| 2 singularity. The 2 ln 3 term for the normal order twisted propagator arises because the singular term of the twisted correlator is ln |σ/3|
2 . With these definitions the profile becomes
Strictly speaking perturbative string amplitudes are only defined on-shell, i.e. when k µ k µ + k i k i = 0. By taking this amplitude on-shell we see that the Gaussian with ∆(τ ) containing the overall normal ordering constant is dropped.
a However, because Lorentz and rotational invariance between the four dimensional and internal spaces is lost, there is no reason why the normal ordering constants for both spaces need to be equal. Notice that we have not enforce four dimensional momentum conservation, k µ = 0, otherwise the whole internal momentum dependence is lost. 
Profile of the tadpole in string theory
The full (on-shell) result for the gauge field tadpole in string theory can now be written in a form that closely resembles the field theoretical expression given in (5):
To investigate the relationship between the field and string predictions for the gauge field tadpoles further, we expand the string result as follows: As τ takes values within the fundamental domain F , see figure 3 , the exponential factor exp(−2πτ 2 ) < 1 always suppressed. The relevant exponentials for various small values of τ 2 are given in table 3. Expanding the exact expressions for ∆ s (τ,τ ) to order exp(−2πτ 2 ) gives ∆ u (τ,τ ) = −2 ln 3 + 4πτ 2 1 3 + . . . , ∆ t (τ,τ ) = ln 3 + 6 cos(2π 
All these expressions are positive definite, as can inferred from their plots given in figure 4 . As discussion in ref. 21 we have fixed the relative normal ordering constant between the untwisted and twisted world sheet bosons such that all ∆ s are strictly positive. This is important as allows us to Fourier transform the tadpole to coordinate space:
−zz/∆s(τ,τ) .
The resulting profiles for the different sectors are plotted in figure 5 . We see that the twisted sector contributions G t and G d± decay away very quickly for large |z|. Hence we see that the contributions of the twisted states are localized within a couple of string lengths near the orbifold singularity. The decay of the untwisted sector G u is much slower, as has been expected since the untwisted sector corresponds to bulk -non-localized -contributions.
Shape of gauge field tadpoles in string theory 11 
Local tachyons?
In the discussion of the previous section we have (implicitly) assumed that only the string zero modes contribute to the tadpoles. For the two heterotic E 8 × E 8 models with anomalous U(1)'s this assumption is only true for the SU(9) model, given in table 1. For the other anomalous model, containing the E 7 group, the situation is more complicated as can be seen from the charge functions: expression of the tachyonic contributions only in the coordinates space representation:
Like the exponential factor, the even and odd functions
contain the six dimensional Gaussian normalization factors 1/(π∆ d± ) 3 . Therefore, the integral over the orbifold of each of these exponentials is normalized to unity. It follows that the integrated tadpole due to tachyons vanish. This implies the cancellation of the tachyonic contributions within the zero mode theory, which confirms that the model is globally stable.
In figure 6 the tachyonic contribution to the tadpole is plotted together with the leading contributions from the zero modes. Inspecting figure 5 we infer that the twisted sectors d ± give the largest contributions to the zero mode states. (The other sectors contributions are at least one order of magnitude less, and can therefore safely be ignored in the present analysis.) The normalization of the zero modes in the d ± sectors compared to the tachyonic sector is 15 and −3 for the first and second E 8 , respectively, see equations (20) and (21) . These relative normalizations have been taken into account in comparison figure 6 . We conclude that the tachyonic states totally dominate the profile of the tadpoles for the U(1)'s in both E 8 's near the singularity. This curious appearance of local tachyonic contributions to gauge field tadpoles does not only appear in the heterotic E 8 × E 8 theory, but is also present in some SO(32) string models. There are five heterotic SO(32) models Z 3 classified according to their gauge shift vector v = (1 2n , −2 n , 0 16−3n )/3, n = 1, . . . 5, with an anomalous U(1). In the n = 2 and 5 models local tachyons are present as well, while in the others, like the SU(9) model, only zero modes contribute to the tadpole. The full implications of these local tachyons have not been uncovered yet and might provide an interesting avenue for future research.
Conclusions
We began this review by considering field theories on orbifolds. Even though such theories have many useful and interesting properties, the physics near the orbifold singularity is beyond the realm of field theory. To investigate just how far one can push the field theory analysis we compute gauge field tadpoles on a Z 3 orbifold and found singular behavior near the orbifold fixed point where the field theory calculation might not be trusted. We considered heterotic string models as UV completions of the field theory and computed the gauge field tadpoles in this framework as well. Away from the orbifold singularity the qualitative properties of both computations are the same. Near the orbifold singularity things are different. In particular, the twisted states which in field theory are assumed to be localized exactly at the orbifold fixed point, have in string theory a finite extend of a couple of string lengths. Moreover, contrary to the field theory result, string theory gives strictly finite answer.
These string results could have been anticipated, what has been a major surprise of our computation of the gauge field tadpoles in string theory is that for some orbifold models there are, aside from the zero modes, contributions from local tachyonic states to these amplitudes. Yet, these tachyons do not signify a global instability since they are not present in the spectrum of the theory, contributing only in the loop. Moreover, when integrated over the whole orbifold, these tachyonic contributions precisely cancel each other.
